The master equation of quantum optical density operator is transformed to the equation of characteristic function. The parametric amplification and amplitude damping as well as the phase damping are considered. The solution for the most general initial quantum state is obtained.
Introduction
Quantum information with continuous variables (CV) [1] [2] is a flourishing field, as shown by the first spectacular implementations of deterministic teleportation schemes [3] [4] [5] [6] , quantum key distribution protocols [7] , entanglement swapping [5] [8] , dense coding [9] , quantum state storage [10] and quantum computation [11] processes in quantum optical settings . The crucial resource enabling a better-than-classical manipulation and processing of information is CV entanglement. In all such practical instances the information and entanglement contained in a given quantum state of the system, so precious for the realization of any specific task, is constantly threatened by the unavoidable interaction with the environment. Such an interaction entangles the system of interest with the environment, causing any amount of information to be scattered and lost in the environment. The overall process, corresponding to a non unitary evolution of the system, is commonly referred to as decoherence [4] [5] . In this work we study the decoherence of general states of continuous variable systems whose evolution is ruled by optical master equations. We will consider the parametric amplification, amplitude damping and phase damping [12] of a general quantum CV state in the fashion of quantum characteristic function. The main starting point for this research work was the result of Lindblad of bounded generator of a completely positive quantum dynamical semigroup [13] .
Time evolution of characteristic function
The density matrix obeys the following master equation [12] [13] [14] 
with the quadratic Hamiltonian
where η is a complex symmetric matrix. In the single-mode case, this Hamiltonian describes two-photon downconversion from an undepleted (classical) pump [14] . The full multi-mode model describes quasi-particle excitation in a BEC within the Bogoliubov approximation [15] . This item represents the parametric amplifier. While the amplitude damping is described by L 1 ,
The requirement of positivity of the density operator imposes the constraint |w j | 2 ≤ n j (n j + 1). At thermal equilibrium, i.e. w j = 0, n j is equal to the average thermal photon number of the environment. If w j = 0, then the bath j is said to be 'squeezed' [16] . L 2 describes the phase damping,
We now transform the density operator master equation to the diffusion equation of the characteristic function. Any quantum state can be equivalently specified by its characteristic function. Every operator A ∈ B(H) is completely determined by its characteristic function χ A := tr[AD(µ)] [17] , where
T and the total number of modes is s. It follows that A may be written in terms of χ A as [18] : 
The master equation can be transformed to the diffusion equation of the characteristic function, it is
Where we denote µ j as |µ j | e iθj , and we should take care about that the variables are µ j and µ * j in the amplification while they are |µ j | , θ j in the damping.
Solutions of some special cases
Firstly, let us consider Γ j = γ j = 0 for all j, the solution to the amplification is
with
where the matrix cosh and sinh functions are defined as [19] cosh
sinh |ξ| |ξ|
Then suppose η = 0 and γ j = 0 for all j, the solution to the amplitude damping equation of χ is
Where µe − Γt 2 is the abbreviation of (µ 1 e
2 ). Next, suppose η = 0 and Γ j = 0 for all j, the solution to the phase equation of χ then will be
where µe ix is the abbreviation of (µ 1 e ix1 , µ 2 e ix2 , · · · , µ s e ixs ). The simultaneous amplitude and phase damping (η = 0) for any initial characteristic function then will be (for w j = 0) [20] χ(µ, µ * , t) = dxχ(µe
The density matrix then can be obtained by making use of operator integral.
The parametric amplifier and the amplitude damping
The diffusion equation (6) now is with its γ j = 0 for all j. Suppose the solution to the diffusion equation is
where ν = µM + µ * N, with M and N being time varying matrices. α and β are constant matrices and α † = α . M and N are the solutions of the following matrix equations
Where Γ = diag{Γ 1 , Γ 2 , · · · , Γ s }. While α and β are the solution of the following matrix equations
The constant matrices α and β can always be worked out as the solution of linear algebraic equations (16) and (17) . What left is to solve matrix equations (14) and (15) . There are two situations that the equations are solvable. The first case is that all the modes undergo the same amplitude damping, that is Γ 1 = Γ 2 = · · · = Γ s , thus Γ = Γ 1 I s . Γ commutes with any matrix. Equations (14) and (15) have solution
The solution to the one-mode situation is simple. In the two-mode situation, M and N can be further simplified. For η is a symmetric matrix, we can express it as η = η 0 σ 0 + η 1 σ 1 + η 3 σ 3 , where σ 0 = I 2 , σ i (i = 1, 2, 3) are Pauli matrices. The σ 2 term is null by the symmetry of η. By using of the algebra of Pauli matrices, we arrive at the results:
− → b is a unit vector and it is equal to (η 0 η *
Thus the characteristic function is simplified. If the initial state is Gaussian. The correlation matrix of the time dependent state can be obtained explicitly.
The second case is that η is a real matrix while the amplitude damping can be different for each mode. The solution of equations (14) and (15) will be
For two-mode situation, this M and N can be simplified to
where
Conclusion
The master equation of quantum continuous variable system is converted to the equation of quantum characteristic function. It turn out to be a linear partial differential equation about the characteristic function. The time evolution solution can be obtained exactly for any initial quantum optical state in several cases. The solvable cases include (1) parametric amplification [19] , (2) amplitude damping with thermal or squeezed noise [16] , (3) simultaneously amplitude and phase damping together with thermal noise [20] , (4) simultaneously multi-mode parametric amplification and amplitude damping with thermal or squeezed noise when each mode undergo the same strength of damping, (5) simultaneously multi-mode real parametric amplification and amplitude damping with thermal or squeezed noise. In real experiment, the parametric amplification and the damping may occur successively. Thus the concatenate of above solutions will represent most of the optical evolution. Our solutions are the for most general optical state. The application to the evolution of Guassian state and its related entanglement property is straightforward.
Appendix:The commutator and Lindblad super-operators in the characteristic form
Similarly we have
Where the symmetry of the complex coefficients η jk is applied.
(2) Amplitude damping:
Similarly , tr{M [a j ]ρD(µ)} = tr{2ρa j D(µ)a j − ρD(µ)a j a j − ρa j a j D(µ)} = tr{ρD(µ)(2(a j + µ j )a j − a j a j − (a j + µ j )(a j + µ j )) = −tr{ρD(µ)µ 
